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Implicit Biases in Deep Learning

Generalization: Classical View

Generalization is classically viewed via approximation-estimation tradeoff:

Overfitting

Tradeoff can be controlled through:

@ Limiting model size

e Adding regularization (e.g. ¢» penalty)
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Generalization in DL

Phenomenon
A DL model trained by GD often generalizes, even when:

ship dog deer
ERw
#of hose  torse s #of
learned weights ? o =&l training examples
W g

Contemporary View
There is an implicit bias towards generalizing mappings

Goal: Theoretically analyze the implicit biases in Transformers and SSMs
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Transformers

Learnable attention-based sequence-to-sequence mappings
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Backbone of modern DL

Transformers: the Google scientists
who pioneered an Al revolution

Pipeline in Large Language Models (LLMs):

Pretraining, Reinforcemen Reasoning
Supervised Fine Tuning Learning Emerges
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Input
Tokens s, ...,s: € [d] with one-hot representations e, ..., e € {0,1}9

T txd
X:=(es e ...e) €R™
Parameters

g=(AcRI* VeRI¥

Attention Value

Attention Layer

H = o (Mask (XAXT) ) xv,
where Mask(-) is causal, and o = softmax or o = id (linear attention)

Autoregressive Generation

T=(s1,%,...,5T7) ~Tg where s ~ softmax(H;)
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QOutcome-Based RL

Reward

Binary signal based only on final answer correctness (cf. DeepSeek R1):

1 , if final answer is correct

r(output) = {

0 , otherwise

Objective
Maximize expected reward under training distribution D:

max J(0) = meaxIExND [Eorory (3 [ ()]

Optimization
Policy gradient: 611 = 6; +nVJ(0;) for t =0,1,2,...

Theoretical Setting

Gradient flow (7 — 0) over exact J(0)
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Start Target
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(1,2),(3,4),(2,3), (5.6), (6,7), (7,8),5 — 8

Task Complexity

Determined by location of start vertex relative to its terminal vertex:
e Near terminal vertex = simple (few reasoning steps required)

e Far from terminal vertex = complex (many reasoning steps required)
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Reasoning is Necessary and Sufficient for Generalization

Theorem: Reasoning is Necessary

Under standard complexity-theoretic assumptions, there exists a training
distribution with which single-step generation incurs suboptimal reward

Proposition: Reasoning is Sufficient

For any training distribution, there exist params 6 s.t. optimal reward is
achieved via multi-step reasoning
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Transformers: Simple Examples Are Required for Generalization

Efficient vs. Inefficient Reasoning

Many params achieve optimal reward: some efficiently, some inefficiently

Proposition: Efficient Solution Exists

There exist params achieving optimal reward via chain traversal

Target

Chain traversal:
»5» »6 L ooin traversa®
i i+1 n

Proposition: Inefficient Solutions Exist

There exist params achieving optimal reward while producing trajectories
that are arbitrarily long

Which solution is learned by policy gradient?
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Simple Examples Lead to Efficient Reasoning

Theorem: Simple Examples Suffice for Generalization

Under technical assumptions, if training distribution includes sufficient
mass on simple examples, Transformer learns chain traversal, thus
generalizing under distribution shifts

Proof Sketch

Assumptions imply rollouts form a Markov chain

It suffices to track probs for three step types: pewd, Powd and Pother
Careful analysis reveals that with training time t:

(1) Powd(t), Pother(t) decrease

(i1) pewa(t) increases sufficiently fast

— After polynomial time, each step is forward w.p. > 1 — ¢
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Without Simple Examples Learning is Intractable

Theorem: Simple Examples are Necessary for Generalization

Under technical assumptions, if the training distribution contains only
complex examples, learning is intractable

Proof Sketch
Assumptions imply rollouts form a Markov chain

It suffices to track probs for three step types: ptwd, Powd and Pother

Only complex examples
— Gradients of pryd, Pbwd, Pother are exponentially small
— Rollout distribution changes exponentially slowly during optimization
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Transformers: Simple Examples Are Required for Generalization

Experiment: Theoretically-Inspired Setting

One-layer Transformer trained via REINFORCE on chain identification task

Model learns chain traversal and generalizes:

Complexity (start dist from terminal) Performance
Train Test Accuracy | Chain Trav.
1to3 1to3 100% 100%
lto7 lto7 100% 99%
1to 11 1to11 99% 94%
1to3 1to 11 100% 100%
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Transformers: Simple Examples Are Required for Generalization

Experiment: Theoretically-Inspired Setting

One-layer Transformer trained via REINFORCE on chain identification task

Model learns chain traversal and generalizes:

Complexity (start dist from terminal) Performance
Train Test Accuracy | Chain Trav.
1to3 1to3 100% 100%
lto7 lto7 100% 99%
1to 1l 1to11 99% 94%
1to3 1to 1l 100% 100%
Distribution shift can improve generalization:
Complexity (start dist from terminal) Performance
Train Test Accuracy | Chain Trav.
1to3 3 100% 100%
3 3 64% 1%

Nadav Cohen (TAU & Imubit)

Implicit Biases in Transformers and SSMs

BIRS Workshop, Feb'26
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Qwen2.5 3B trained via GRPO on mathematical reasoning task:
@ Input: equations x; = x; + h, one known value Xy = ¢, query variable Xiarget

@ Goal: evaluate Xgarget
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Transformers: Simple Examples Are Required for Generalization

Experiment: Real-World Setting

Qwen2.5 3B trained via GRPO on mathematical reasoning task:
@ Input: equations x; = x; + h, one known value Xy = ¢, query variable Xiarget

@ Goal: evaluate Xgarget

Model learns efficient reasoning and generalizes to complex examples:

Complexity (number of derivation steps) Performance
Train Test Accuracy
1to 14 14 96%
1to9 14 81%
1to 4 14 1.2%
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Transformers: Simple Examples Are Required for Generalization

Experiment: Real-World Setting

Qwen2.5 3B trained via GRPO on mathematical reasoning task:

@ Input: equations x; = x; + h, one known value Xy = ¢, query variable Xiarget

@ Goal: evaluate Xgarget

Model learns efficient reasoning and generalizes to complex examples:

Distributi

Complexity (number of derivation steps) Performance
Train Test Accuracy
1to 14 14 96%
1to9 14 81%
1to 4 14 1.2%
on shift can improve generalization:
Complexity (number of derivation steps) Performance
Train Test Accuracy
1to 14 14 95%
14 14 7%

Nadav Cohen

(TAU & Imubit)

Implicit Biases in Transformers and SSMs

BIRS Workshop, Feb'26

19/33
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SSMs

Learnable sequence-to-sequence mappings
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SSMs: Cleanly Labeled Examples Can Disrupt Generalization

SSMs

Learnable sequence-to-sequence mappings

Transformers:
0(H?) complexity

SSMs: > B | ﬂ [cF
O(H) complexity i i

Underlie prominent neural networks, e.g., S4, Mamba

Structured State-Space Sequence Model (S4) Mamba (deep learning architecture)

7
[
R
\% b

WiKIPEDI/
ceEncyeloped
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Basic SSM

Parameters

A c RP*D (Diagonal), B eRP*! CeR™P
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Basic SSM

Parameters
A c RP*D (Diagonal), B eRP*! CeR™P
Dynamics

For h=0,1,2,... : xh+1:Axh—|—Buh ,  yn=Cxp
—_—

state dynamics output assignment
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Basic SSM

Parameters

A c RP*D (Diagonal), B eRP*! CeR™P

Dynamics
For h=0,1,2,... : xpt1 =Axyp+Buy, , y,=Cxy
—_—
state dynamics output assignment
Input-to-Output Mapping
For h=0,1,2,... : —ZH CA"B
orn=V,1,2... 0 Ypn= h =0 Up—1—n
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SSMs: Cleanly Labeled Examples Can Disrupt Generalization

Basic SSM

Parameters

A c RP*D (Diagonal), B eRP*! CeR™P

Dynamics
For h=0,1,2,... : xpt1 =Axyp+Buy, , y,=Cxy
—_—
state dynamics output assignment
Input-to-Output Mapping
For h=0,1,2,... : —ZH CA"B
orn=V,1,2... 0 Ypn= h =0 Up—1—n

First h elements of impulse response (CAhB)ff’:O determine mapping for
output at time h

Nadav Cohen (TAU & Imubit) Implicit Biases in Transformers and SSMs BIRS Workshop, Feb'26 22/33
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Teacher-Student Setting
Consider (unknown) teacher SSM (A*, B*, C*) with dim D*

Given
Pre-recorded dataset of horizon H:
N

T={".y" ™)},

where y*(") is the teacher output at time H for u(™ = (u(()") (n) )

ey Uy’

BIRS Workshop, Feb'26 23/33
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SSMs: Cleanly Labeled Examples Can Disrupt Generalization
Teacher-Student Setting
Consider (unknown) teacher SSM (A*, B*, C*) with dim D*

Given
Pre-recorded dataset of horizon H:

T = {(u(n)’y*(n))}"’

n=1"

u () )

where y*(") is the teacher output at time H for u(™ = ( N i

Goal
Find mapping that fits teacher up to any horizon (guarantees
generalization under distribution shift)

Nadav Cohen (TAU & Imubit) Implicit Biases in Transformers and SSMs BIRS Workshop, Feb'26 23/33



SSMs: Cleanly Labeled Examples Can Disrupt Generalization
Teacher-Student Setting
Consider (unknown) teacher SSM (A*, B*, C*) with dim D*

Given
Pre-recorded dataset of horizon H:

n *(n N
T={@"y )},
where y*(") is the teacher output at time H for u(™ = (u(()"), R u,(_;'ll)

Goal
Find mapping that fits teacher up to any horizon (guarantees
generalization under distribution shift)

Method
Train student SSM (A, B, C) with dim D > max{D*, H} via GD over:

() _ ()2
Ly(A,B,C) = NZ y* M),

where y,(_,") is the student output at time H for u(™
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{First h elements of impulse response determine output mapping at time h]

Nadav Cohen (TAU & Imubit) Implicit Biases in Transformers and SSMs BIRS Workshop, Feb'26 24 /33



SSMs: Cleanly Labeled Examples Can Disrupt Generalization

Quantifying Generalization

{First h elements of impulse response determine output mapping at time h]

Impulse response of teacher SSM (A*, B*, C*):
(C*B*,C*A*B*,C*(A*)?B*,...)

Nadav Cohen (TAU & Imubit) Implicit Biases in Transformers and SSMs BIRS Workshop, Feb'26 24 /33



SSMs: Cleanly Labeled Examples Can Disrupt Generalization

Quantifying Generalization

{First h elements of impulse response determine output mapping at time h]

Impulse response of teacher SSM (A*, B*, C*):
(C*B*,C*A*B*,C*(A*)?B*,...)
Impulse response of student SSM (A, B, C):

(CB,CAB,CA’B,...)

Nadav Cohen (TAU & Imubit) Implicit Biases in Transformers and SSMs BIRS Workshop, Feb'26 24 /33



SSMs: Cleanly Labeled Examples Can Disrupt Generalization

Quantifying Generalization

{First h elements of impulse response determine output mapping at time h]

Impulse response of teacher SSM (A*, B*, C*):
(C*B*,C*A*B*,C*(A*)?B*,...)
Impulse response of student SSM (A, B, C):

(CB,CAB,CA’B,...)

Definition
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SSMs: Cleanly Labeled Examples Can Disrupt Generalization

Quantifying Generalization

{First h elements of impulse response determine output mapping at time h]

Impulse response of teacher SSM (A*, B*, C*):
(C*B*,C*A*B*,C*(A*)?B*,...)
Impulse response of student SSM (A, B, C):

(CB,CAB,CA’B,...)

Definition

For € > 0, we say student SSM (A, B, C) e-extrapolates to horizon H' if:

Vhe{0,...,H —1} : |CA'B — C*(A")'B*| <«
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Existence of Non-Generalizing Solutions

Proposition
Ve > 0 VH' > H there exist assignments for (A, B, C) which:
(i) minimize the loss Ly(-)
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Existence of Non-Generalizing Solutions

Proposition
Ve > 0 VH' > H there exist assignments for (A, B, C) which:
(i) minimize the loss Ly(+)  (ii) do not e-extrapolate to horizon H’
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SSMs: Cleanly Labeled Examples Can Disrupt Generalization

Existence of Non-Generalizing Solutions

Proposition
Ve > 0 VH' > H there exist assignments for (A, B, C) which:
(i) minimize the loss Ly() (i) do not e-extrapolate to horizon H’

Proof Sketch

(i) <= CA"B = C*(A*)'B* forall he {0,...,H—1}

(i) <= |CA"B — C*(A*)"B*| > ¢ for some h € {0,...,H — 1}

Denote v := (C*B*, C*A*B*, ..., C*(A*)H-1B*, C*(A")"B* + 26)T

It suffices to show that there exist (A, B, C) with
v=(CB,CAB,...,CA"B)" = V(A)(CT ©B),

where V(A) is a Vandermonde matrix holding powers of A's diagonal

This follows from Vandermonde matrices having full rank

Nadav Cohen (TAU & Imubit) Implicit Biases in Transformers and SSMs BIRS Workshop, Feb'26 25/33



SSMs: Cleanly Labeled Examples Can Disrupt Generalization

Various Examples Lead to Generalization

Nadav Cohen & Imubit) Implicit Biases in Transformers and SSMs BIRS Workshop, Feb'26 26 /33



SSMs: Cleanly Labeled Examples Can Disrupt Generalization
Various Examples Lead to Generalization

Consider learning the SSM (A, B, C) via GD initialized ~ 0

Nadav Cohen (TAU & Imubit) Implicit Biases in Transformers and SSMs BIRS Workshop, Feb'26 26 /33



SSMs: Cleanly Labeled Examples Can Disrupt Generalization
Various Examples Lead to Generalization

Consider learning the SSM (A, B, C) via GD initialized ~ 0
Assume the input sequences u®, ... u(M) span RY

Nadav Cohen (TAU & Imubit) Implicit Biases in Transformers and SSMs BIRS Workshop, Feb'26 26 /33



SSMs: Cleanly Labeled Examples Can Disrupt Generalization
Various Examples Lead to Generalization

Consider learning the SSM (A, B, C) via GD initialized ~ 0
Assume the input sequences u®, ... u(M) span RY
Then, if Ly(-) =0, Ve > 0 VH' > H there is e-extrapolation to horizon H’

Nadav Cohen (TAU & Imubit) Implicit Biases in Transformers and SSMs BIRS Workshop, Feb'26 26 /33



SSMs: Cleanly Labeled Examples Can Disrupt Generalization
Various Examples Lead to Generalization

Consider learning the SSM (A, B, C) via GD initialized ~ 0
Assume the input sequences u®, ... u(M) span RY
Then, if Ly(-) =0, Ve > 0 VH' > H there is e-extrapolation to horizon H’

Proof Sketch
3 random var Z* taking D* values s.t. Yh: C*(A*)'B* = E [(Z2*)"]
GD initialized ~ 0 = J random var Z taking D values s.t. Vh: CA"B =E [Z"]
Ly()=0=>VYh=0,...,H—1:E[2"] = CA"B = C*(A*)"'B* = E [(2*)"]
Moment Matching Theorem (Cohen & Yeredor 2011) — Z = Z*

— Vh: CA'B = C*(A*)"B* — e-generalization to horizon H’
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SSMs: Cleanly Labeled Examples Can Disrupt Generalization
Various Examples Lead to Generalization

Consider learning the SSM (A, B, C) via GD initialized ~ 0
Assume the input sequences u®, ... u(M) span RY
Then, if Ly(-) =0, Ve > 0 VH' > H there is e-extrapolation to horizon H’

Proof Sketch
3 random var Z* taking D* values s.t. Yh: C*(A*)'B* = E [(Z2*)"]
GD initialized ~ 0 = J random var Z taking D values s.t. Vh: CA"B =E [Z"]
Ly()=0=>VYh=0,...,H—1:E[2"] = CA"B = C*(A*)"'B* = E [(2*)"]
Moment Matching Theorem (Cohen & Yeredor 2011) — Z = Z*

— Vh: CA'B = C*(A*)"B* — e-generalization to horizon H’

Experiments
Demonstrate the phenomenon and show it extends to non-linear SSMs
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Certain Examples Can Disrupt Generalization

With D* =1, Ve > 0 VH' > H + 1, there exist:

@ a training set 7

@ a certain (“special”) input sequence u’ with a clean label yf
@ an open set Z of init = 0

s.t. in learning (A, B, C) via GD init in Z, e-generalization to horizon H':
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With D* =1, Ve > 0 VH' > H + 1, there exist:

@ a training set 7

@ a certain (“special”) input sequence u’ with a clean label yf
@ an open set Z of init = 0
s.t. in learning (A, B, C) via GD init in Z, e-generalization to horizon H':

o Takes place if 7 is used on its own

Nadav Cohen (TAU & Imubit) Implicit Biases in Transformers and SSMs BIRS Workshop, Feb'26 27/33



SSMs: Cleanly Labeled Examples Can Disrupt Generalization

Certain Examples Can Disrupt Generalization

With D* =1, Ve > 0 VH' > H + 1, there exist:

@ a training set 7

@ a certain (“special”) input sequence u’ with a clean label yf
@ an open set Z of init = 0
s.t. in learning (A, B, C) via GD init in Z, e-generalization to horizon H':

o Takes place if 7 is used on its own

e Does not take place if (uf, y') is appended to T~
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SSMs: Cleanly Labeled Examples Can Disrupt Generalization

Certain Examples Can Disrupt Generalization

With D* =1, Ve > 0 VH' > H + 1, there exist:

@ a training set 7

@ a certain (“special”) input sequence u’ with a clean label yf
@ an open set Z of init = 0
s.t. in learning (A, B, C) via GD init in Z, e-generalization to horizon H':

o Takes place if 7 is used on its own

e Does not take place if (uf, y') is appended to T~

Experiment
Generalization errors with vs. without special sequences

Setting Without special sequences  With special sequences
SSM per Theorem 1.34 x 1073 1.1 x 1072

SSM beyond Theorem 1.94 % 107! 16.61

SSM in non-linear neural network 1.61 % 1073 5.30 x 1072

Nadav Cohen (TAU & Imubit) Implicit Biases in Transformers and SSMs BIRS Workshop, Feb'26



SSMs: Cleanly Labeled Examples Can Disrupt Generalization

Certain Examples Can Disrupt Generalization

With D* =1, Ve > 0 VH' > H + 1, there exist:

@ a training set 7

@ a certain (“special”) input sequence u’ with a clean label yf
@ an open set Z of init = 0
s.t. in learning (A, B, C) via GD init in Z, e-generalization to horizon H':

o Takes place if 7 is used on its own

e Does not take place if (uf, y') is appended to T~

Experiment
Generalization errors with vs. without special sequences

Setting Without special sequences  With special sequences
SSM per Theorem 1.34 x 1073 1.1 x 1072

SSM beyond Theorem 1.94 % 107! 16.61

SSM in non-linear neural network 1.61 % 1073 5.30 x 1072

Phenomenon extends to S4/Mamba2/LRU on real-world data
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Certain Examples Can Disrupt Generalization

With D* =1, Ve > 0 VH' > H + 1, there exist:

@ a training set T

@ a certain (“special”) input sequence u’ with a clean label yf
@ an open set Z of init = 0
s.t. in learning (A, B, C) via GD init in Z, e-generalization to horizon H’:

@ Takes place if T is used on its own
e Does not take place if (uf, y') is appended to T~
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@ a training set T

@ a certain (“special”) input sequence u’ with a clean label yf
@ an open set Z of init = 0
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Certain Examples Can Disrupt Generalization

With D* =1, Ve > 0 VH' > H + 1, there exist:

@ a training set T

@ a certain (“special”) input sequence u’ with a clean label yf
@ an open set Z of init = 0
s.t. in learning (A, B, C) via GD init in Z, e-generalization to horizon H’:

@ Takes place if T is used on its own
e Does not take place if (uf, y') is appended to T~

— Clean-label poisoning
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Certain Examples Can Disrupt Generalization

With D* =1, Ve > 0 VH' > H + 1, there exist:

@ a training set T

@ a certain (“special”) input sequence u’ with a clean label yf
@ an open set Z of init = 0
s.t. in learning (A, B, C) via GD init in Z, e-generalization to horizon H’:

@ Takes place if T is used on its own
e Does not take place if (uf, y') is appended to T~

— Clean-label poisoning SSMs susceptible to clean-label poisoning!

GLPA: Claandabel poisoning availabilty sitscks using generative adversarial nets
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SSMs: Cleanly Labeled Examples Can Disrupt Generalization

Certain Examples Can Disrupt Generalization

With D* =1, Ve > 0 VH' > H + 1, there exist:

@ a training set T

@ a certain (“special”) input sequence u’ with a clean label yf
@ an open set Z of init = 0

s.t. in learning (A, B, C) via GD init in Z, e-generalization to horizon H’:
@ Takes place if T is used on its own

o Does not take place if (uf, y') is appended to T

— Clean-label poisoning SSMs susceptible to clean-label poisoning!

SSM generalization isn't explained by:

@ implicit complexity minimization

@ typicality in loss landscape
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Certain Examples Can Disrupt Generalization

in learning (A, B, C) via GD init in Z, e-generalization to horizon H':
@ Takes place if 7 is used on its own
e Does not take place if (uf, y') is appended to 7~

Proof ldea

— = => Trajectory when training on 7 Main tool: non-resonance linearization theorem

———> Reference trajectory
Saddle point

====3 Trajectory when training on 7 U (uf,y")

Non-generalizing
solutions

Main tool: greedy low rank learning \
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Our Results
Carefully crafted distribution shifts can improve generalization:
@ Transformers: add to training set simple examples

@ SSMs: remove from training set disruptive examples

Research on benefits of distribution shifts for Transformers and SSMs
may lead to improved curricula for training Foundation Models
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